INTRODUCTION
Suppose P i s a given unstable plant.
The problem o f determining a c o n t r o l l e r C such that the feedback system of Figure  1 i s s t a b l e has been studied for several years.
Recent results [l-31 provide a characterization of glJ control1 ers C t h a t stablize the given plant P. W i t h t h e a v a i l a b i l i t y of t h i s c h a r a c t e r i z a t i o n , i n t e r e s t has been created in the problem of r e l i a b l e s t a b i l i z a t i o n . I n [4, 5] the object of study is the socalled simultaneous stabilization problem, where one would 1 i ke t o determine whether or n o t t h e r e e x i s t s a s i n g l e c o n t r o l l e r C t h a t s t a b i l i z e s each of several given plants P O , . . . , P,. The motivation for the problem formulation is that Po represents the model of the p l a n t i n i t s normal mode, w h i l e P I , . . . Pn represent the same plant under various structural perturbations, such as sensor/actuator failures, changes in the mode of operation etc.
Thus, if the simultaneous stabilization problem has a solution, then not only
does C s t a b i l i z e t h e nominal plant P9, b u t t h i s s t a b i l i z a t i o n i s re1 i a b l e
against a prespecified set of s t r u c t u r a l changes in the p l a n t .
the dual of the simultaneous stabilization problem. Consider the system shown in Figure 2 , where P i s a given plant, a n d C 1 , C a r e c o n t r o l l e r s t o be determined, The o b j e c t i v e i s t o se?ect C, and C2 ( i f p o s s i b l e ) such that the system of Figure 2 1s s t a b l e as shown, as well as when e i t h e r C1 or C2 is set equal t o zero. The s t r u c t u r e in Figure 2 i s c a l l e d a multi-controller conf i g u r a t i o n , and t h e above requirements on C1, C2 mean t h a t C1 a n d C 2 t o g e t h e r s t a b i l i z e P, and in addition, b o t h C1 and C2 i n d i v i d u a l l y s t a b i l i z e P . The motivation for studying this problem is the following: I n t h e "normal " mode, both c o n t r o l l e r s C1 a n d C 2 are in operat i o n a n d the system is stable. Should either controller f a i l (modeled by s e t t i n g Ci=O f o r i = l or 2 ) , the system i s s t i l l s t a b l e ( t h o u g h other properties such as sens i t i v i t y might be affected adversely). Thus, if there e x i s t c o n t r o l l e r s C 1 , C2 satisfying the above requirements, then the stabilization scheme of Figure  2 i s reliable against a s i n g l e c o n t r o l l e r f a i l u r e . I t should be emphasized t h a t t h e r e l i a b l e s t a b i l ization scheme proposed in Figure 2 i s q u i t e d i s t i n c t from the standard technique of having redundancy in key controllers [6] .
The redundancy scheme can be represented as in Figure 3 .In this scheme, the back-upcontrolle r i s s w i t c h e d -i n once t h e f a i l u r e of the main c o n t r o l l e r i s d e t e c t e d .
Thus only one controller is connected to P a t any one time.
I n contrast, in the normal mode of operation of the system shown in Figure 2 , b o t h c o n t r o l lers are connected t o P . There a r e two reasons for proposing the structure of Figure  2 as an a l t e r n a t i v e t o that in Figure 3: such as a i r c r a f t , t h e s y s t e m may become unstable during t h e t i m e i t t a k e s t o d e t e c t t h e f a i l u r e of t h e c o n t r o l le r ( i i ) The structure of Figure  3 i s not re1 i a b l e a g a i n s t t h e f a i l u r e of the "switch". The objective of the paper i s to present conditions on P that ensure the existence of c o n t r o l l e r s C1 and C2 that achieve re1 i a b l e s t a b i l i z a t i o n of P . The problem i s o f c o u r s e t r i v i a l i f a c o n t r o l l e r C can be found t h a t s t a b i l i z e s P in such a way t h a t the feedback system has a gain margin greater t h a n two; in such a case, one can simply choose C C2 = C . I f P i s a minimum phase plant, the result; of [7, 8] imply t h a t one can a c t u a l l y find a stabilizing controller with infinite gain margin.
However, the case where P i s nonminimum p h a s e i s s t i l l open. The main r e s u l t of the paper i s as complete as i t i s s u r p r i s i n g : I t s t a t e s t h a t , given any plant P and m-y c o n t r o l l e r C1 t h a t s t a b i l i z e s P, t h e r e always e x i s t s another controller C2 such that C1 and C2 together r e l i a b l y s t a b i l i z e P . Thus, n o t only does the reliable s t a b i l i z a t i o n problem have a s o l u t i o n f o r a r b i t r a r y plants P, b u t a l s o one of the two stabilizing control1 -e r s can be s p e c i f i e d a r b i t r a r i l y ( s u b j e c t of course t o t h e c o n s t r a i n t t h a t i t s t a b i l i z e s P ) . F u r t h e r , i t i s shown t h a t , given m-y plant P , t h e r e e x i s t s a s t a b i l izing controller C such t h a t 2C a l s o s t a b i l i z e s P; hence C1 = C2 = C s o l v e s t h e r e l i a b l e s t a b i l i z a t i o n problem. The main r e s u l t of the paper carries over with very l i t t l e m d i f i c a t i o n t o t h e problem of r e l i a b l e robust regulation. I t i s shown t h a t , given plant P a n d x c o n t r o l l e r C1 t h a t solves the robust tracking problem f o r P and a given reference input, there exists
another controller C2 such t h a t C 2 and C1 t C 2 a l s o solve the same problem. Moreover, t h e r e e x i s t s a C such t h a t C a n d 2 C b o t h solve the robust tracking problem. Similar results apply to disturbance rejection.
The problem studied in this paper was o r i g i n a l l y formulated in [g] , where some sufficient conditions are given for the problem t o have a solution. These conditions are based o n the idea of overlapping deconposit i o n s , a n d are further extended in 1101. The r e s u l t s in the present paper considerably extend those of L9-lo] since i t i s shown here t h a t every plant can be r e l i a b l y 
...
a s s u m i n g t h e i n d i c a t e d i n v e r s e s e x i s t .
We s a y t h a t t h e p a i r (P,C) i s s t a b l e , a n d t h a t C s t a b i l i z e s P, i f H(P,C) 
(S) s u c h t h a t t h e c o n t r o l l e r C d e f i n e d -by The p r o b l e m s t u d i e d i n t h i s p a p e r c a n now b e s t a t e d
R e l i a a l e S t a b i l i z a t i o n P r o b l e m ( R S P ) . G i v e n P t p r e c i s e l y . 
t S ( P ) d e n o t e t h e s e t o f a l l c o n t r o l l e r s t h a t s t a b i l -
i z e P ; i . e .
Then t h e r e l i a b l e s t a b i l i z a t i o n p r o b l e m i s o n e o f f i n di n g C1, C2 can be found, we s a y t h a t P c a n b e r e l i a b l y s t a b i l i z e d , a n d t h a t C1 and C2 t o g e t h e r r e l i a b l y s t a bi l i z e P.
__
We p r e s e n t a t o n c e t h e m a i n r e s u l t o f t h e p a p e r .
Theorem 1. Every plant P E ,'.;(R(s)) c a n b e r e l i a b l y s t a b i l i z e d . F u r t h e r g i v e n a n y P E '!f(R(s)) and any C1
E S ( P ) , t h e r e e x i s t s a C 2 E S ( P ) s u c h t h a t C1 + C e S ( p ) , i . e . s u c h t h a t
C1 and C2 t o g e t h e r r e 1 i a b l y s t a b i ? i z e P.
C E S o t t h a t 2C E S ( P ) , i . e . s u c h t h a t C1 = C2 = C t o g e t h e r r e 1 i a b l y s t a b i l i z e P .
Theorem 2 . Given any P E '.:(R(s)), t h e r e e x i s t s a
The p r o o f o f Theorem 1 r e q u i r e s t h e f o l l o w i n g lemma Lemma 1 . Suppose A E Smxn , B E S . Then t h e r e 1 n xm e x i s t s a m a t r i x Q E ' T S : s u c h t h a t I -A B + QBAB i s unm o d u l a r i n .'.!:S'# : i . e . h a s a n i n v e r s e i n '.i/Si.
n a m e l y , P r o o f . D e f i n e t h e n o r m o n ! ! l S ) i n t h e u s u a l w a y ,
where ?(. ) deno;es t h e l a r g e s t s i n g u l a r v a l u e o f a matr i x . Then I + F i s u n i m d u l a r whenever ' F < 1. I r p a r t i c u l a r , I -r A B i s u n i m o d u l a r w h e n e v e r h , A ? # -' . L e t k b e a n i n t e g e r l a r g e r t h a ( 1 2 ) Thus t h e t w o m a t r i c e s i n ( 1 2 ) a r e t h e i n v e r s e s o f e a c h o t h e r . H e n c e i n t e r c h a n g i n g t h e o r d e r o f m u l t i p l i c a t i o n does n o t a f f e c t t h e r e s u l t ;
i . e . 
c o n s t r u c t i o n . H e n c e C2 E S ( P ) . 6) T h i s a l s o s h o w s , a f o r t i r i o r i , t h e l e f t -c o p r i m e n e s s o f
(DC-3 NC ) = (Y -QYN, Q).
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T h e p r o o f o f Theorem 2 d e p e n d s o n t h e f o l l o w i n g 1 emma.
F o l l o w i n g [8], we s a y t h a t a p l a n t P i s s t r o n g l y s t a b i l i z a b l e i f i t c a n b e s t a b i l i z e d by a s t a b l e comp e n s a t o r . Thus Lemma 1 shows t h a t e v e r y p l a n t o f t h e f o r m BAB( I -A B ) -l i s s t r o n g l y s t a b i l i z a b l e , i r r e s p e c t i v e o f t h e m a t r i c e s A and B.
L e m a 2 : G i v e n a p l a n t P E I I ( R ( s ) ) , l e t (N,D), P r o o f o f Theoren: 1. Suppose P E ,!>i,R(s)) and C1 E a n y s o l u t i o n o f t h e e q u a t i o n XN+YD,.= I . T h e n t h e r e S ( P ) a r e s p e c i f i e d .
L e t (N,D:I, (D,fi) b e a n y r i g h t -e x i s t s a n R E :ilSI s u c h t h a t I + RDN i s u n i m o d u l a r . c o p r i m e f a c t o r i z a t i o n a n d l e f t -c o p r i m e f a c t o r i z a t i o n ,
r e s p e c t i v e l y , o f P o v e r :.!is). The f a c t t h a t C1 s t a b i li z e s P i m p l i e s L2,3] t h a t C1 = Y-1X = i 7 -1 , w h e r e X , j (D,N) b e a n y r . c . f . a n d 1 . c . f . o f P, and l e t (X,Y) be _ 5
P r o o f . I t i s f i r s t shown t h a t t h e m a t r i c e s I + XN, DN a r e r i g h t -c o p r i m e .
From [ l 2 , 131, one can select X, Y s u c h t h a t --
, . , .
= I
( 
i s a r i g h t d i v i s o r o f b o t h I+XN and EN, d e n o t e d d e n o t e t h e l a r g e s t i n v a r i a n t f a c t o r Dr.
Then t_he robust t r a c k i n g p r o b l e m h a s a s o l u t i o n i f a n d o n l y i f N and ar I a r e r i g h t -c o p r i r n e . Now l e t Cte d e n o t e t h e e x t e n d e d r i g h t h a l f -p l a n e ;
S u p p o s e C E S(P) and l e t (NC,DC) M I ( I t X H ) , M , b N . T h i s i m p l i e s , s u c c e s s i v e l y , t h a t M~K N , M~(I-NX
i . e . Thus 2C E S ( P ) . o f r e l i a b l y s t a b i l i z i n g a p l a n t w h i l e a t t h e same t i m e t r a c k i n g a g i v e n r e f e r e n c e i n p u t , o r r e j e c t i n g a d i st u r b a n c e . I n o r d e r t o p r e s e n t t h i s e x t e n s i o n , a few f a c t s a r e r e c a l l e d f r o m [ 1 4 ] .
The p r e c e d i n g r e s u l t s e x t e n d r e a d i l y t o t h e p r o b l e m
Given a p l a n t P E hl(R (s A p r o p e r t y ( s u c h as s t a b i l i t y , t r a c k i n g o r d i s t u r b a n c e r e j e c t i o n ) i s s a i d t o b e r o b u s t a g a i n s t p e r t u r b a t i o n s i n P i f t h e r e i s a b a s i c n e i g h b o r h o o d N ( P ) s u c h t h a t t h e p r o p e r t y c o n t i n u e s t o h o l d f o r a l l p l a n t s i n N ( P ) .
C o n s i d e r f i r s t t h e p r o b l e m o f r o b u s t t r a c k i n g , as d e p i c t e d i n F i g u r e 4 .
The r e f e e n c e s i g n a l r i s t h e o u t p u t o f a n u n s t a b l e s y s t e m D; r-Nr, where Dr, Nr a r e l e f t -c o p r i m e . The c o n t r o l l e r C s o l v e s t h e r o b u s t t r a c k i n g p r o b l e m i f Theorem 3. Suppose a p l a n t P and a r e f e r e n c e i nt h e f o l 1 o w i n g r e s u l t . p u t g e n e r a t o r E;' hr a r e s p e c i f i e d , t o g e t h e r w i t h a c o n t r o l l e r C1 t h a t s o l v e s t h e r o b u s t t r a c k i n g p r o b l e m . T h e n t h e r e e x i s t s a C s u c h t h a t b o t h C2 and C t C2 s o l v e t h e r o b u s t t r a c t i n g p r o b l e m .
In p a r t i c u j a r , t h e r e e x i s t s a C s u c h t h a t b o t h C and 2C s o l v e t h e r o b u s t t r a c k i n g p r o b l e m .
CONCLUSIONS
In t h i s p a p e r , a c o m p l e t e s o l u t i o n h a s b e e n g i v e n t o t h e p r o b l e m o f d e s i g n i n g a p a i r o f c o n t r o l l e r s C1 and C2 f o r a g i v e n p l a n t P s u c h t h a t C1, C2, A much m o r e i n t e r e s t i n g p r o b l e m w h i c h i s as y e t u n s o l v e d i s t h e f o l l o w i n g : G i v e n a p l a n t P and a c o n t r o l l e r C t h a t s t a b i l i z e s P, when can i t be decomposed as a sum o f t w o c o n t r o l l e r s C1 and C2, each o f w h i c h s t a b i l i z e s P ? T h i s p r o b l e m i s m o r e n a t u r a l t h a nI n contrast, in the design algorithm described in this paper, the normal mode c o n t r o l l e r C1 + C is obtained as a by-product of the algorithm, and i s onf'y guaranteed to s t a b l i z e P , or t o r e g u l a t e P . S t i l l , i t i s hoped t h a t the techniques presented in this paper will eventually lead t o a resolution of the above problem as well. important is t h a t both AB and BA are well-defined and square. Annales de l a Seciate S c i e n t i f i q u e de Bruxelles, Vol. 94, pp. 7-51,1980 Lumped-Linear Systems, Automafica, Vol. 19, p p . 87-90, January 1983. 
